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Abstract Among the most important economic concepts are evaluation and bankruptcy prediction; 
financial problems which can expose an organization to serious risks and lead it to bankruptcy. 
Therefore, bankruptcy assessment of an organization enables it to be getting to know the financial 
risks and resolve financial deficiencies. So in this paper, we discuss one of the most important 
economic concepts and a new model is presented in the game theory of data envelopment analysis 
(DEA) and in other words. Thereby, the proposed model can assess the demands of an organization in 
the form of a player and distinguish net estate or the remaining estate after payment of the demands. 
The advantage of this model as a model of bankruptcy in games theory could be an easier concept and 
more practical tool for understanding bankruptcy in case of using imprecise and qualitative concepts 
and important indexes in the economic as financial ratios. Indeed, DEA has the comparative property 
that makes it suitable in presented model using game theory.  
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1 Introduction 
 
One of the most significant concepts of an economy is bankruptcy and its assessment.  DEA 
has been generally used to assess the best relative efficiency of decision-making units 
(DMUs), but there are models that locate the worst performing DMUs and determine an 
inefficient frontier. The additive DEA method of bankruptcy assessment developed by 
Premachandra, et al., [1] takes a set of financial ratios as output variables in such a way that 
lower value of a ratio indicates better prosperity of the firm and another set of financial ratios 
as input variables; in such a way higher value of these ratios assessment is in agreement with 
economic theory of bankruptcy. Inefficient firms are most often eliminated through 
bankruptcy. Also, economic theory suggests that bankruptcy should serve as a screening 
process designed to eliminate only those firms that are economically inefficient. Therefore, 
bankruptcy is the worst position DMU; in such cases bankruptcy value should be assessed in 
the direction of anti-ideal DMU.  

In bankruptcy prediction models, bankruptcy will be based on selected financial ratios. 
Altman’s [2] work of predicting bankruptcy uses financial ratio. In another research, 
Premachandra, et al. [3] used DEA as an alternative method for bankruptcy measurement by 
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applying Charne’s additive DEA model based on positive or non-positive objective function 
introduced bankruptcy and non-bankruptcy.  

Game theory is the study of mathematical models of conflict and cooperation between 
intelligent rational decision-makers. Game theory is mainly used in economics,  political 
science, and psychology, as well as logic, computer science, and biology. 

Therefore, game theory helps us to consider bankruptcy problem in the form of a game, 
and we assess their performance viewpoint of the game theory. A bankruptcy problem occurs 
when a company goes to the bankruptcy owing money to some investors, but the company 
has only an amount E to cover debts [4, 5]. We use concepts above and combine game theory 
and the linear programming. At the end, we will suggest a new bankruptcy model. 

The paper is organized as follows. We first provide the framework of bankruptcy model 
in the DEA in section 2; bankruptcy problems as well as cooperative games in characteristic 
function form are discussed in section 3 that appropriately summarizes the situation of 
bankruptcy problems. The study of a new bankruptcy assessment using DEA and game theory 
is discussed in section 4. Finally, we study a numerical example for bankruptcy game in the 
economics in section 5, and we discuss the results of the new model and its advantages in 
section 6. 
 
 
2 Bankruptcy Assessment Model with DEA Concepts 
 
In this section, we give a brief review of some concepts and notation related to bankruptcy 
problem and DEA as well as preliminaries related to n-person cooperative games in 
characteristic function form [6, 7]. 
 
 
2.1 Directional Distance Function 
 
The DEA method is a linear programming model based on the measurement of the efficiency 
of DMUs. Suppose that there are a set of ‘n’ DMUs with’ inputs and‘s’ outputs. Let rjy be the 
amount of r the output from the jDMU and ijx be the amount of i the input in the j  unit. All 
data are assumed to be non-negative but at least one component of every input and output 
vector is positive and is given by 0, 0ij jx x≥ ≠  , 0 , 0rj jy y≥ ≠  for 1,...,j n= . 

The DEA models can be used as a directional distance function. In fact, direction distance 
formulation has been used in the measurement of efficiency [3]. 
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In the represented model ’iox , roy  show the input and output have been studied DMU.  
This model has a feasible solution ( )1, 1, 0 0o j jθ λ λ= = = ≠ . Thus *θ  isn’t greater 

than 1. Now, DEA models can be considered as a directional distance function for 
measurement of performance. Now we are using the directional distance function to bankruptcy 
assessment. 

The variable returns to scale (VRS) DEA model for the directional distance function 
developed by Chambers as follows. In this method, the directional distance function can be 
calculated for each input and output vectors associated with production possibility set [8]: 
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The above model β  can be unrestricted. In fact, the technical inefficiency is measured by β  
in the decision-making units. So 1 β−  will indicate efficiency and increase in input and 

outputs reduction simultaneously be done by the amount of β . In model (2), xg  and yg  are 
direction vectors. 
 
2.2 Bankruptcy Assessment Using Modified Directional Distance Function 
 
Here, for the bankruptcy assessment, a modified version of DEA with worst relative 
efficiency as a model (3) is given. We examine model output oriented. At the first worst 
position of a DMU, introduced as anti-ideal DMU that the input and output of this DMU are 
as follows[9]: 
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We assume that each ‘n’ DMU has‘m’ inputs and‘s’ outputs. oDMU  is the under evaluation 
unit. For bankruptcy assessment ( ),o ox y  will change the output of oDMU  in the direction 
output vector yg . In this case, the production possibility set is defined as follows:  
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 So, presented oriented-output bankruptcy model as follows: 
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Worst relative efficiency can be calculated by the model (3) in the direction of anti-ideal 
DMU and the bankruptcy value of 1 β−  is a distance measure between the observed point 
and possible worsening point with reference to the anti-ideal point i.e. maximum possible 
worsening point. 
 
3 Bankruptcy Problem and the Allocation 
 
Now, we interpret problem of bankruptcy as follows. So E R∈  is a number of estates that 
may be returned. nd R∈ As 0id ≥  for all 0 i n≤ ≤  is established and represents the amount 
that demands i the creditor. { }1,...,N n=  is a number of creditors and. It can be said that the 

problem of bankruptcy is a pair ( ),E d . An answer the problem of bankruptcy is ( ),E d or 
shorter an allocation n-tuple. 

So it is j
j N

E x
∈

= ∑ where jx  represents the allocated amount to the jth creditor, are 

calculated by the method of Shapely value. In fact, when we want to choose an estate that 
leads to the most efficient then use allocation in all directions is calculated and it is one of the 
most versatile topics optimization. The using of optimization models allows us all the 
different aspects of the allocation according to objective function is evaluated. Here it can be 
said that the allocation is a function which assigns a unique allocation to each bankruptcy 
problem. By an n-person cooperative game in characteristic function form, we mean a pair
( , )N c .  

Where { }1,...,N n=   is a finite set of players and : 2nc R→  (that 2n   denotes the set of 

subsets N  ) and assumed ( ) 0c ∅ = ?  
We usually refer to subsets S of N as coalitions and ( )c S to the number as the worth S 

[10]. 
The allocation may be interpreted of estates to each player, as maximum profit or cost 

minimum. Now a fixed set of players by a game ( ),N c that c is a characteristic function [11]. 
Thus they define the bankruptcy game ( , )E D  corresponding to the bankruptcy problem by: 
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In this case, bankruptcy value would be zero. If an estate's value is less than or equal to the 

demands of his creditors then obtained value in  \
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paid to creditors as claims which this indicates that the player is bankrupt and nonzero value 
would indicate bankruptcy.   

The above implies that obtained value in \
j

j N S
E d

∈

− ∑  is positive and the amount of net 
estate remaining after payment of the claims, it is intended for players which can then be used 
as a tool to generate even more destinations that this can be interpreted as indicating the 
desired player non-bankruptcy. 
With this description and combining all the above concepts, we propose the following model. 
 
 
4 The Proposed Model 
Bankruptcy assessment using data envelopment analysis game Using the concepts in the previous section, express a new model (4) for bankruptcy and 
combining of this new model by using of rough set theory as the other new method are 
discussed. Finally, this model by using of fuzzy rough and interval rough in the application 
example are studied [12]. 
 
 
4.1 A New Method in Bankruptcy Assessment Using Game Theory 
 
Suppose that jE is the initial value of the total estates of jth organization and { }1,...,N n=  

represents the total number of organizations, ijx and rjy is jth organization input and output, 

iox   and roy  show the input and output under review organization and id as the amount that 

the ith creditor demands and yg  is as production direction. 
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A change in the model (2) can be shown a more practical form of bankruptcy problem with 
using the game theory that offers a different interpretation and bankruptcy economic aspects 
will be considered in further. Description of the model expressed as follow. 

We noted that { }1,...,N n=  represents the total number of players. The above model 
would be a controlled model. In this model consider firms as a set of players. Of course, in 
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here every player that it is a studied organization has an initial estate value. Moreover, to 
investigate the factors affecting the failure of an organization, the organization demands are 
remarkable. As an organization with relatively acceptable estate may be lead to the bankrupt. 
In this regard, we offer a model that we determine how best to help bankrupt using the total 
estate and demands.  

If we want to describe the model, we explain the concepts as follows: 
The model yg  indicates the production direction, jd  the demands for jth players jE is 

the initial value of the total estate for the players (organizations) and-and rjy  is input and 
output for the jth organization and, roy is input and output of the player under review. 

In the model, the value of solving this model, as the net estate, in other words, be 
interpreted the estate remaining after payment of claims to the jth player. As positive value 
obtained from the model are represented as non-bankruptcy. Interpretation of this model is 
that the players after payment of liabilities and remaining equity are interpreted as a net estate 
if this value is equal to some non-zero then net estate value remaining for the players so keep 
partly to their distance to the bankruptcy. And through the remainder of its estate that it is net 
estate the amount produce of the other uses or purposes. We consider zero value as 
bankruptcy. That means that the amount of total estate equal to demands value and have been 
paid all estate as demands to the jth player then don’t have a distance to bankruptcy so the 
players or organizations are declared as bankrupt.  

However, we offer the general algorithm for this model, the following. It is noteworthy 
that the model to receive inputs and outputs of the organizations or the named players and 
evaluation of the input and output of the studied player with the production direction yg . 

 
 

4.2 Algorithm 
 
Initial steps 
Consider the set of `players { }1,...,N n= . Receive inputs and outputs all players associated 
with the production direction. If we deal with negative data (input or output), production 
direction ( yg ) should be negative, as we deal with the positive data.  
 
Main steps 
1- Solve models (1). Put efficient units in Eff  the set. Organize N Eff− For an inefficient 
player and determine bankruptcy with the model (4). 
2- If yg is not available, put it aside and, go to the next step. 
3- If the solution was positive will be non-bankrupt. If the value is zero then the player is 
bankrupt. 
4- Finish. 
It is noteworthy, this algorithm solves model (1) all of the efficient players and model (4) 
solve for all inefficient players. Total evaluation is done after solving the model for all of the 
players. We show which these algorithms study bankruptcy problem in four stages easily, 
which it can help us in the more understanding of the bankruptcy problem. In this model, 
max j j

j N
E d

∈

− ∑ as least right that can have a creditor (In fact, this value is the value that 

should be returned). In other words, max j j
j N

E d
∈

− ∑ be equal to the allocated amount in 
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accordance with the bankruptcy problem ,E dc in this game, mean to the least right, which can 
be considered for a creditor.  
 
 
5 Numerical Example 
 
Let’s consider eight medicinal firms as objects and indexes of debt, sale and performance 
assessment, and their data are given in Table 1:  
 
Table 1 Indicators and firms values (features or objects) 

Performance assessment 
(X4) 

sale 
(X3) 

debt 
(X2) 

estate 
(X1) 

index 
 firms 

weak=30 11 46 123 DMU 1 
Very weak=10 3 78 234 DMU 2 

good=70 164 68 176 DMU 3 
Very good=90 165 17 28 DMU 4 

middle=50 171 71 530 DMU 5 
weak=30 76 69 69 DMU 6 
good=70 37 85 109 DMU 7 
good=70 60 72 135 DMU 8 

 
 
Now, we form financial ratios, estate to debt, estate to sales, debt-to-sales, sales and 
performance to sales and we calculate efficiency and bankruptcy of firms. The performance 
evaluations are qualitative and imprecise as an interval scale [0,100] and also we consider 
ratios 2 3 4, ,a a a  as input values and ratios 1 5,a a   as output values in DEA models. 
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Table 2 Firms and financial ratios 

bankruptcy efficiency 5a 4a 3a 2a 1a 
Ratios 

        firms 
0.18 0.89 0/24 2/72 4/18 11/18 2/76 DMU 1 

0 0.35 0/04 3/33 26 78 3 DMU 2 
0.40 0.77 0/39 0/43 0/41 1/07 2/59 DMU 3 

- 1 3/21 0/55 0/1 0/17 1/65 DMU 4 
- 1 0/09 0/29 0/42 3/09 7/46 DMU 5 
0 0/34 2/29 2/95 0/90 0/09 1 DMU 6 
0 0/11 0/64 1/89 2/29 2/95 1/28 DMU 7 

0.40 0/24 0/52 1/17 1/2 2/25 1/88 DMU 8 

 
 
 

 
5.1 Analysis of Results 
 

Above example show, DMU 1 (first firm), with relatively significant estate and having almost 
1/3 debt to the estate, is an amount of the equal to 0/18. This indicates that the net estate value 
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next claims pay is not significant and now it is on the frontier of the bankruptcy. It is 
noteworthy that the sale in these issues is important especially given the circumstances of this 
table with qualification because they have relatively significant estate but having low sales 
and relatively low debt goes to the bankruptcy and the remaining net estate cannot be used in 
other productions. 

However, it is well-recognized efficiency due to the relatively high investment. Similarly, 
DMU 2 with high estate and as well as relatively low debt has poor efficiency. Efficiency this 
firm is poor because its sale is very low toward estate and so goes to the bankrupt group. This 
means that the remaining estate can be used to produce a vector. And so check next firms. 
DMU 4 can be seen that with the low estate is efficient and this means the optimal use of 
estate even with the usual amount of debt and so on, goes to the non-bankrupt group.  And 
bankruptcy does not need to be calculated and next DMUs are discussed the same trends and 
bankrupt and non-bankrupt firms easily be diagnosed using a combination of these two 
methods. 
 
 

6 Conclusions 
 
The main purpose of this paper is studying bankruptcy as one of the most important economic 
problems. So, we use modified directional distance function for estimation and assessment of 
the bankruptcy. Also, we introduced a new model for bankruptcy assessment using DEA 
games theory and allocation. The objective function of the new model is demand and total 
estate, and interpretation of this model is better than the models of the modified directional 
distance function in DEA.  

The numerical results have shown using financial ratios (corresponding to every problem 
bankruptcy) and imprecise data can be “good” bankruptcy assessment in performance 
evaluation in the new model. The main advantage of this model is an objective function which 
has a simpler form and economic for bankruptcy problem. The objective function of the new 
model represents a more practical discussion of bankruptcy which interpretation it is easier. 
This model describes the remaining estate after payment of demands as a net estate that could 
have a better interpretation of the bankruptcy. This model distinguishes bankrupt or non-
bankrupt simply. It is noteworthy; this model is a new model in the DEA and game theory 
(DEA game). 

 
 

References 
 
1. Premachandra, I. M., Gurmeet, S. B., Toshiyuki, S., (2009). DEA as a tool for bankruptcy assessment: A 

comparative study with logistic regression technique. European Journal of Operational Research 193, 412-
424. 

2. Altman, E. I., (1968). Financial ratios discriminated analysis and the prediction of corporate bankruptcy. 
Journal of Finance, 23, 589-609. 

3. Charnes, A. Cooper, W. W. Rhodes, E., (1978). Measuring the efficiency of decision-making units. 
European Journal of Operational Research. 2(4), 429-444. 

4. Shapley, L., (1953). A value of a n-person games”, Contributions to the Theory of Games, Annals of Math. 
Studies, Princeton, 28, 307 - 317. 

 
5. Aumann, R. J., Maschler, M., (1985). Game theoretic analysis of a bankruptcy problem from the Talmud, 

Journal of Economic Theory, 36, 195 -213.  
6. Nakabayashi, K., Tone, K., (2006).Egoist’s Dilemma: A DEA Game. Omega, 34, 135-148. 
7. Cooper, William W., Seiford, Lawrence M., Tone, Kaoru. (2007). Data envelopment analysis. 



A New Method in Bankruptcy Assessment Using DEA Game Theory 9 

8. Chambers, R. G, Chung, Y., Fare, R., (1998). Profit directional distance function and Nerlovian efficiency. 
Journal of Optimization and Theory and Application. 12,233-247.  

9. Leonardo, P. P., (2011). Joss Sánchez-Pérez3. Convexity and marginal contributions in bankruptcy games. 
10. Udaya,  Sh., Pakala, T.P.M., Mallikarjunappa, T., (2012). A modified directional distance formulation of 

DEA to assess bankruptcy: An application to IT/ITES companies in India. Expert lists with Applications 39, 
1988-1997. 

11. Dagan, N., Voliji, O., (1993). The bankruptcy problem: A cooperative bargaining approach. Mathematical 
Social Sciences, 26, 287-297. 

12. Batamiz, A, Sal Joo ghi, F., (1395). A new bankruptcy assessment using data envelopment analysis and 
Fuzzy rough theory. Journal of advanced mathematical modeling, 6, 1-22. 

 
 


