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Abstract In conventional data envelopment analysis (DEA) models, inputs, and outputs are usually
considered as precise and continuous factors. Furthermore, inputs and outputs of inefficient decision-
making units (DMUs) change arbitrarily for meeting the efficient frontier. Nevertheless, there are
situations in the real world where the performance of DMUs with fuzzy and integer-valued measures
must be evaluated while input and output variables are restricted by the decision-maker. Therefore, the
current paper proposes a DEA-based method for assessing the relative efficiency of DMUs with
imprecise and integer-valued factors when restricted variations are observed. To illustrate, the free
replicability (FR) model is extended for incorporating fuzzy numbers and some visible limitations like
restrictions on resources. Furthermore, the method is developed for situations where flexible measures
are presented. A numerical example is used to illustrate the approach.
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1 Introduction

Data envelopment analysis (DEA), introduced by Charnes et al. [1], is a mathematical
technique to evaluate the relative efficiency of decision making units (DMUs) with multiple
inputs and outputs. In traditional DEA models, performance measures are deemed as crisp
and continuous values. Moreover, the inputs and outputs of inefficient DMUs alter arbitrarily
in order to reach the efficient frontier. However, there are occasions in real-world applications
that DMUs with vague and integer-valued factors need to be evaluated. Additionally, there
are instances where decision-makers limit the variations of inputs and outputs. Indeed, DMUs
confront constraints in terms of resources and their abilities. For this reason, the current paper
proposes a DEA-based method for measuring the performance of DMUs in the presence of
fuzzy and integer values in which variations are restricted. Kordrostami et al. [2] proposed a
method for evaluating the comparative efficiency of DMUs with undesirable factors when
restricted variations are presented. Also, Kordrostami et al. [3] provided radial and non-radial
approaches to assess the relative efficiency of DMUs with restricted input and output
variables.
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On the other hand, Kordrostami and Jahani Sayyad Noveiri [4, 5] suggested approaches
for assessing the performance of DMUs in the existence of integer and fuzzy data.
Nevertheless, the restricted variations of performance measures were not included.
Consequently, this study expands upon the free replicability (FR) model [6] to accommodate
scenarios involving fuzzy data and constraints on variability.

Moreover, there are occasions in the real world that input and/or output status of some factors
is unknown. In the DEA literature, these factors are called "flexible measures” [7-13].
Kordrostami et al. [14] classified performance measures when integer factors are presented.
Performance analysis in the presence of bounded, discrete and flexible indicators has also
been addressed by Kordrostami and Jahani Sayyad Noveiri [15]. Accordingly, the suggested
technique in this study is extended for situations that there are flexible measures. Numerical
examples are applied to clarify the proposed approaches. In general, the contribution of this
study can be summarized as follows:
i.  Measuring the performance of entities with fuzzy and integer-valued factors, and also
restricted variations,
ii.  Assessing the relative efficiency of processes in the presence of the restricted fuzzy
integer-valued flexible measures,
iii.  Proposing fuzzy free replicability approaches with restricted variations.

The subsequent sections of this paper are organized as follows. In Section 2, relevant and
related reviews are discussed. The proposed approaches are provided in Section 3. A set of
data is used to illustrate the approaches in Section 4. Finally, conclusions are drawn in Section
5.

2 Preliminaries

DEA is one of the most popular techniques for evaluating the relative efficiency of DMUs
with multiple inputs and multiple outputs. For describing the relative efficiency, take n
DMUs, DMU; (j = 1,...,n), with m precise and continuous inputs x;; (i =1,...,m) and s
precise and continuous outputs y,; (r =1,...,s). The relative efficiency of each DMU,
DMU,, can be assessed by the following model (1):

Min 0 (1)

n
s.t. Zijxij <Ox,,i=12,..,m,
i=L

n
Zj’jyrj Zyro’r:]"z""’s’
j=1

2,20,

DMUs are classified as efficient and inefficient units after computing model (1) n times.
gindicates the efficiency score. 4,(j =1,...,n) is intensity variables. Nevertheless,

sometimes only integer inputs and outputs exist. Therefore, Tulknes [6] proposed the next
model for measuring the efficiency of DMUs with integer-valued factors:
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Min 6 )
st Y Ax <Ox,i=12,..m,
j=1

n

Z’ijn' >y,.,,.r=12,.,s,

i1

4; 2 0,Vj, integer.

The above model is called “free replicability” (FR) model.
Also, there are situations in real-world applications that some factors can play either input or
output roles. Amirteimoori and Emrouznejad [8] proposed the following model for
incorporating these factors (i.e. flexible measures) and evaluating the efficiency of DMUs:

Min 0

s.t. Zijxij <Ox,,i=12,..,m,
j

> vy 2 Ve r =125,

=1
n
=1

5 =

i < Oz, +Md, k=12, K

.y

5 =

D> Azg 2z -M(1d) k=12,...K, ®)

=1
4;20,Vj,d, €{0,1};,Vk.
that z,(k=1,...,K) denotes flexible measures. M is a large positive number. d, is a
binary variable. If d, =0, z, isaninputand if d, =1, z, is an output.

In the next section, at first, the FR model is extended for situations where integer and fuzzy
measures are presented, while restricted variations are imposed by decision-makers. Then, a
model is suggested for evaluating the comparative efficiency of DMUs in the presence of
fuzzy, integer and flexible measures while the variation levels of measures are pre-defined by
the management.

3 Fuzzy free replicability model (FFR) with restricted variation

Consider n DMU, DMU; (j=1..n), that each DMU consumes m integer-valued inputs
x; (i=1,..,myand produces s integer-valued outputs y, (r=1,..,s) . Integer-valued inputs and
outputs are considered as triangular fuzzy numbers, i.e. %; = (1, %20 %53) s Y55 = Vijas Yejo» Yiga) -
Suppose the i-th input of DMU is limited to decrease to X, -, =0. Similarly, the r-th

output of DMU, is limited to increase to §,, + A3, >0. In other words,

%, — X —d,i=12,..,m,

yro _> yro +ﬂ~rol r :1,2,---,5,

io?

(4)
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in which dio = (aiol’ aioz’aio3) and Bro = (ﬁrol' ﬂroz’ﬂrOS) :
Herein we propose the following fuzzy free reliability model in the presence of restricted
variability. The third and fourth restrictions indicate the limitations related to variations.

Min 6
st. D A% <0%,,i1=12,..,
j=1
lezjyrj_ylo,r_1,2, S
]=
n ()
DA% =Ko — G, 1=1,2,..,m,
j=1
Zﬂ“ er yro+ ro’r 1121 1S,
j=1

A; 20, integer.

Therefore, the above model is proposed for evaluating the performance of DMUs with
fuzzy and integer factors where restricted variations exist. Two approaches are used for
transforming the above fuzzy mixed integer linear programming problem into a mixed integer
linear programming problem.

At first, it is assumed that all weights and variables are crisp and precise. Therefore,
model (5) can be rewritten as follows:

Min @

2/1 X1 < O%op i =1,2,...,m,
Z/Ijxijz < OXgpri =1,2,...,m,
j=1

D Ay < O%g5,i=12,..,m,
j=1

DAY 2 Ve F =125,

j=1

Z;Lj yFJZ 2 yr021 r :11 2a---aS,
i1
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n
D AiViis = Yros F =1,2,..,,5,
=
n
DA X1 = Xigy — Qg 1 =1,2,...,m,
-1
n
> AV < Yeor + B T=12,...,5
-1
n
DA% = Xigy = Cigpr 1 =1,2,...,m,
=1
n
DAYz S Yioz + Brozr F=12,...,8,
=1
n

DA Xis = Xigy — Xigzr 1 =1,2,...,m,

j=1
Zﬂ’j yrj3 < yr03 +ﬂro3’ r =1,2,...,S
j=1

4; 20, integer. (6)

Alternatively, the fuzzy expected value approach [16] can be used. Thus, model (5) can
be substituted with the following model:

Min @

st. Z;ﬂ,jE()?ij)SﬁE(f(io),i:1,2,...,m,
J:

S AEF,) 2 E(,).r=12,..5s,
j=1

\ (7
szE(zij) >E(%,)-E(d,),i=12,..,m,

> ALE(,) <EFL)+E(B). r=12...5,
-1

4; 20, integer.

Notice that if W = (a, b, c) is considered as a triangular fuzzy number, then E(W) =
(1/4)(a + 2b + ¢) in model (7).
Definition 1. DM U, is said efficient in models (6) and (7) if and only if 6 = 1. Otherwise, it
is called inefficient.
In the next stage, we incorporate flexible measures in model (5). Assume there are K flexible
measures z; (k = 1,...,K). Moreover, suppose that the k-th flexible measure of DMU, is

limited to decrease to Z,, — dx, = 0 and to increase to Z;, + 7x, = 0. Model (5) is rewritten
as follows:
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Min &

i=12,..m,

io?

n
st. Z;;tjxij < 6%
J:

AEg <6+ Md k=12,..K,

AZg 2 Ee—M(1d),k=12,...K,

224 S 20+ Ve k=12, K, @®)

J
4; 20, integer,d, €{0,1},VKk,

that Sxo = (Qko1) Skozs ko3) Nd Tio = (Vkots Vo2 Vio3): o
For calculating model (8), we use the fuzzy expected value approach similar to model (7).

Therefore, model (8) can be rewritten as follows:
Min &

st. Zl:/le(iij)seE(xio),i:1,2,...,m,
J:

D AEF) = E(,).r=12,..,5,
j=1

3 2E(%) 2 E(%,) —E(&,), i=1,2,..,m,

i

S LE(T) <)+ E(BL). F =120

Y AEE)<SOE(Z,)+Md k=12,..K,

=

D AME(EG)ZE(,)-M(1-d, ). k=12, K,

=

S LEE) 2 E(Z,)—E(5).k=12,...K,
j=1
D AMEGE)SE(EG)+E(F).k=12, K, 9)

=t

lj >0, integer,d, €{0,1},Vk.
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M is a large positive number. d;, is a binary variable. If d,, = 0, z; is an input and if d, = 1,
z;, is an output. Moreover, the majority rule can be applied to classify flexible measures.
Notice that we have not used the first approach (i.e. similar to model (6)) for transforming
model (8) to a mixed integer linear programming problem because of the large number of
restrictions and variables.

Also, in the presence of trapezoidal fuzzy data, i.e. W = (a, b, c,d), E(W) can be assessed as
follows: E(W) = (1/4)(a+ b + ¢ + d).

In the next section, a dataset is applied to illustrate the models provided.

4 Example
Assume there are 6 DMUs with one input (11) and one output (O1). Inputs, outputs, and

variation levels are shown in Table 1. As can be seen all data are indicated as triangular fuzzy
numbers. Models (6) and (7) are calculated. The results are given in Table 2

Table 1Fuzzy data and variation levels

DMU n 01 a By
1 (9,14,16)  (10,10,15) (4,4,6) (8,9,9)
2 (10,10,10) (15,16,18) (3,3,3) (2, 4,8)
3 (12,14,16) (12,13,14) (3,4,5) (3,3,5)
4 (9,12,15) (16,18,20) (4,5,6) (8,10, 15)
5 (4,6,8) (21,22,23) (1,2,3) (8,8,8)
6 (8,9,10)  (10,15,20) (4,4,5) (9,10, 11)

Table 2 Results

Efficiency
Model (6) Model (7) Model (7) with non-negative weights

1 1 0.68 0.66
2 1 1 0.70
3 1 0.71 0.71
4 1 1 0.58
5 1 1 1

6 1 0.67 0.53

Notice that with computing model (6), all DMUs are determined as efficient while three
DMUs, 1,3 and 6, are efficient via model (7). Also, DMU 6 has obtained the least efficiency
score by calculating model (7). The comparison of the results achieved from two models (6)
and (7) shows that model (7) is more able for discriminating.

For more analysis, we compute model (7) with considering 4, >0similar to model

(1). The findings appear in Column 4 of Table 2. DMU 5 is examined as efficient.
Furthermore, DMU 6 is ascertained as the most inefficient unit in both model (7) and model
(7) with non-negative weights. As can be found, the scores obtained from models (6) and (7)
are not less than model (7) with non-negative weights. These results are in line with the
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description presented in [17]. It is clear that the integer-valued weights play an important role
in determining the efficiency values obtained.
Now we consider one flexible measure (F1) with variation levels that are shown in Table 3.

Table 3 Flexible measure, variation levels and results

DMU F1 &y Y1 Efficiency of model (9)  d,, Efficiency of model (9) dy
with non-negative weights
1 (5,6,7) (2,2,3) (5,6,6) 0.75 0 0.66 0
2 4,44 (2,2,2) (3,4,5) 1 Oorl 0.70 1
3 6,7,7 (4,55 (4,6,7) 0.71 0 0.71 0
4 (5,7,9) (5,6,6) (3,4,4) 1 Oorl 0.58 0
5 (3,4,6) (2,2,4) (6,6,6) 1 Oorl 1 Oorl
6 (3,5,5) (2,4,4) (7,8,9) 0.94 0 0.67 0

Model (9) is calculated. The results are shown in Columns 5 and 6 of Table 3. Column 5
shows the efficiency scores. The input or output status of the flexible measure is indicated in
column 6. In this case, DMUs 2, 4 and 5 are obtained as efficient. Also, DMU 3 is the most
inefficient unit with the score 0.71. As can be seen in Column 6, the status of flexible measure
is considered as an input in 3 DMUs. Thus, according to the majority rule, the role of flexible
measure is specified as an input.

To compare the findings, we solve model (9) with non-negative weights, i.e. 2,>0.

Outcomes are provided in Columns 7 and 8 of Table 3. As shown, only DMU 5 is efficient
and DMU 4 is obtained as the most inefficient entity. Also, the role of the flexible measure is
identified as the input based on the majority rule. Also, the efficiency values achieved from
model (9) are not less than those resulted from model (9) with non-negative weights.

The achievements indicate that the integer-valued weights influence the efficiency values
gained.

4.1 Discussion

Performance analysis of entities is a crucial task in various fields such as operations research,
finance, and economics. It involves evaluating and comparing the efficiency and effectiveness
of different DMUs. Traditionally, performance analysis has been conducted using crisp data
and measures. However, the use of fuzzy and integer measures, along with the restricted
variations of performance measures, is significant.

One important aspect of using fuzzy measures in performance analysis is that they allow
for the quantification of uncertainty and imprecision in data. This is particularly useful when
dealing with qualitative or partially-known information, which is common in decision-making
processes.

Moreover, the restricted variations of performance measures provide more
comprehensive insights into the measured entity's performance by limiting the range of
variations allowed in the measures. By imposing restrictions on certain factors, the analysis
becomes more accurate and realistic. These restrictions enhance the reliability of the obtained
efficiency scores as they enable a more accurate representation of the decision-making
context.
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Moreover, the extension of the approach in the presence of flexible measures allows for a
more holistic evaluation of DMUs. Flexible measures consider the possibility of adjusting the
inputs and outputs to optimize the performance of the DMU.

The outcomes achieved from analyzing the dataset reveal that the weights that are only
whole numbers and the limitations on variations are significant factors in determining the
obtained values of performance.

In summary, the importance of performance analysis using the FFR model with restricted
variations lies in its ability to capture uncertainties, imprecision, and restricted variations in
the integer-valued performance data. Additionally, the extension of such approaches to
incorporate flexible measures enables a more agile and versatile evaluation of DMUs'
performance. These advancements contribute to more accurate and realistic performance
assessments, aiding decision-makers in identifying areas for improvement and making
informed decisions. The algorithm of the methodology can be seen in Figure 1.

Determining performance
measures

'

Fuzzifying performance

measures

<«

In the presence of
integer, fuzzy flexible
measures and
restricted variations

In the presence of

integer and fuzzy

measures, and also
restricted variations

_ Computing rrTodeI (6) or
Computing model (9) model (7)

\/

Analyzing the results and
decision-making

Fig. 1 The algorithm of the methodology

5 Conclusions

There are instances in practical scenarios where it is necessary to assess the efficacy of DMUs
that have factors which are imprecise and take on integer values. Additionally, decision-
makers may impose restrictions on the variability of performance measures. It is true that
DMUs face constraints in terms of resources and their abilities. Accordingly, in the current
paper, a model has been proposed for determining the efficiency of entities with fuzzy and
integer-valued measures where restricted variations are presented. Two methods have been
introduced for calculating the proposed fuzzy mixed integer linear programming and
transforming it into the mixed integer linear programming. Moreover, the suggested model
has been extended for occasions that flexible measures are present. A data set has been used
to clarify the approach. The results obtained from examining the dataset demonstrate that the
presence of integer weights and the constraints on variations are notable elements for
determining the performance values obtained. Moreover, the incorporation of flexible
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measures impacts the findings. In this research, the process has been considered as a black-
box and a special period of time.

Therefore, the introduced technique can be extended for analyzing the performance of

multi-period and multi-division processes. Ranking and discriminating solutions can further
be addressed. Also, the development of the advanced method for situations that there are
undesirable factors is an interesting topic for future examination.
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